We extend the Nakajima-Zwanzig projection operator technique to the determination of multitime correlation functions of open quantum systems. The correlation functions are expressed in terms of certain multitime homogeneous and inhomogeneous memory kernels for which suitable equations of motion are derived. We show that under the condition of finite memory times these equations can be used to determine the memory kernels by employing an exact stochastic unraveling of the full systemenvironment dynamics. The approach thus allows to combine exact stochastic methods, feasible for short times, with long-time master equation simulations. The applicability of the method is demonstrated by numerical simulations of 2D-spectra for a donor-acceptor model, and by comparison of the results with those obtained from the reduced hierarchy equations of motion. We further show that the formalism is also applicable to the time evolution of a periodically driven two-level system initially in equilibrium with its environment.
I. INTRODUCTION
The simulation of the dynamics of an open quantum system coupled to an infinitely large environment [1] is still a problem that attracts a lot of attention since there is a need for the development of reliable and fast numerical methods. Approaches based on Redfield-or Lindbladlike equations (see, e.g., [2] [3] [4] [5] [6] [7] [8] [9] [10] ), (self-consistent) perturbation expansions in some small parameter within the Keldysh formulation [11, 12] or projection operator techniques [13] [14] [15] do not cover the whole system parameter range of interest. These gaps can be filled by the use of numerically expensive approaches like time dependent density matrix numerical renormalization groups [16] [17] [18] , multilayer multi-configuration time-dependent Hartree method in second quantisation representation [19, 20] , real time quantum Monte Carlo methods [21, 22] and iterative path summation schemes [23, 24] .
Although being exact, their computational cost increases exponentially in time, which often requires their combination with other methods in order to obtain the stationary state of the system. In [25, 26] the NakajimaZwanzig generalised quantum master equation is used to extract the specific memory kernels from the early time evolution of the system, which was initially obtained by the use of one of the exact approaches mentioned above. The memory kernels are then used for the calculation of the system dynamics for arbitrary long times.
The advances in nonlinear optical spectroscopy increased the need to develop efficient methods for calculating system multitime correlation functions.
One of the important examples is the two-dimensional (2D) spectroscopy of a photosynthetic pigment-protein complex known as Fenna-Mathew-Olsen (FMO) com- * anton.ivanov@physik.uni-freiburg.de plex, which is obtained from the knowledge of two threetime correlation functions [27] .
In this work we extend the Nakajima-Zwanzig projection operator approach to the calculation of multitime correlation functions (MTCF), which requires the introduction of multitime homogeneous and inhomogeneous kernels. By having the information about the kernels in some finite time range we are able to calculate the MTCFs for an arbitrary set of times. We will see that the formalism can also be applied to problems which, at first glance, do not require the calculation of MTCFs, namely the time evolution of a periodically driven system being initially in equilibrium with its environment.
In order to calculate the required multitime kernels we construct a set of equations. If the problem can be solved efficiently by the hierarchy equations of motion (HEOM) method [28, 29] , then the input information for the equations can be obtained by slight modification of the method. Otherwise one can use a stochastic unravelling approach which is well suited for this task as long as the kernels decay to zero sufficiently fast.
The main advantage of this two-step approach is that it gives us the possibility to calculate MTCFs for problems that can not be described by HEOM. Even if the HEOM method is applicable it can be still more efficient to calculate the multitime kernels via the HEOM method and then the multitime propagators, than the direct calculation of the MTCFs.
The paper is structured as follows. In Sec. II A we derive briefly the solution of the Nakajima-Zwanzig equation. The generalisation of the problem to multitime correlation functions is presented in Sec. II B, and in Sec. II C we derive the rules for constructing equations for the multitime kernels. In Sec. II D we apply the formalism to a periodically driven system being initially in equilibrium with its environment. The input information needed for the solution of the equations for the multitime kernels is calculated by use of a stochastic unravelling ap-proach, which is presented in Sec. II E. The reliability of the method is tested in Sec. III. In Sec. III A the numerical results for the problem proposed in Sec. II D are presented, and in Sec. III B the 2D-spectra of a donoracceptor model is calculated. In both cases the results are compared with those obtained from the HEOM approach. Finally, conclusions about the advantages and drawbacks of the method are given in Sec. IV.
II. THEORY
A. Nakajima-Zwanzig equation
We consider an open system S coupled to some bath B. The total Hilbert space is H = H S ⊗H B . The Liouvillian operators, that describe the system, the bath and the system-bath coupling, are denoted by L S , L B and L SB , respectively. The Liouvillian for the total system is thus given by
For simplicity we assume that all operators do not depend on time, but the results can be extended for time dependent Liouvillians as well. We also define the projection operators P = tr B [. 
=T e
where B(t) and C(t) are any time dependent superoperators andT is the time ordering operator. The pair (B, C) will be replaced by (PL, QL), (LP, LQ) or (QL, PL), (LQ, LP). The last set of identities that we will need is
The density matrix of the open system ρ S (t) is given by
where the initial state of the total system is denoted by ρ 0 and U , V represent the homogeneous and the inhomogeneous propagators, respectively:
By applying Eq. (2a) for (B, C) = (LP, LQ) to U (t) = tr B e Lt PR , substituting PRX = RX for every operator X acting on H S and then using Eq. (16b) we obtain
Since for every operator X acting on H we have
where
Equation (6) can then be rewritten as
where the memory kernel is given by 
The kernel I(t) is also known as inhomogeneity. Combining Eqs. (4) and (11a) and then using Eq. (9) we obtain the solution of the Nakajima-Zwanzig equation:
At first glance it seems unnecessary to express ρ S in terms of U and V as it is done in Eq. (4), because for the time evolution of the system density matrix it is sufficient to solve only Eq. (12) . The alternative form in Eq. (4) is preferred if we are interested in the calculation of multitime correlation functions.
B. Multitime correlation functions
The multitime correlation function of an arbitrary set of system operators {A j } j∈N applied at times t j...1 ≡ t j + . . . + t 1 is given by
, (13) where we have introduced the N -time homogeneous and inhomogeneous propagators:
Every N -time propagator can be expressed as a function of n-time kernels with n ≤ N and of the propagators U and V . The multitime homogeneous K A N −1 ...A 1 and inhomogeneous I
A N −1 ...A 1 kernels are defined as
The procedure to obtain the desired expressions can be entirely summarised in applying the following reduction rules:
where B ∈ {P, tr B }. In addition, one always has to decompose the system operators as A = PAP + QAQ. We will apply these rules for the two-and three-time propagators. Starting from
and applying the reduction rules for B = PR we obtain the following equations:
Here and in all other equations we integrate over all τ j variables from 0 to t j and over all τ ′ j variables from 0 to t j − τ j if the integration range is not shown explicitly.
The desired equations for the two-and three-time inhomogeneous propagators are obtained by applying the reduction rules to Eq. (17) for B = Qρ 0 :
A diagrammatic representation of the terms contributing to Eqs. (18) and (19) is shown in Figs. 1 and 2. From Fig. 1 we can see that
, such that A 1 (and A 2 ) appear only once in every combination. In addition, the sum of the first two diagrams and the next two diagrams in Fig.  1b give the first and the second term of Eq. (18b). Also the diagrams contributing to V A 1 , V A 2 A 1 can be obtained by taking all diagrams from Fig. 1a , 1b respectively and replacing the last homogeneous propagator by an inhomogeneous one or by replacing the homogeneous kernels containing A 1 -superscript and the homogeneous propagator on their right side with the corresponding inhomogeneous kernels. The sum of the first three diagrams and the next three diagrams in Fig. 2b give the first and the second term of Eq. (19b). 
C. Equations for the multitime kernels
We will consider the case of having time-independent Liouvillians but the results can be easily generalised to the time-dependent case. Looking at the rules for constructing diagrams we can conclude that every Ntime homogeneous propagator (N > 1) contains an Ntime homogeneous kernel, the first and last arguments of which are convoluted with U . We can always derive an equation for K A N −1 ...A 1 by applying a time derivative operator to the first and the last argument of
For the N = 1 case we just have to take the second time derivative of U . A closer look at the time derivatives of a multitime propagators will allow us to cancel a significant amount of terms, which will make the resulting equation numerically more stable. First, we define the following system operators:
where LSB ≡ L SB − L SB and LS ≡ L S + L SB . The i, f subscript shows that we have applied LSB at the beginning/end of the expression before taking the trace. By use of the fact that
we can see that after applying the time derivative w.r.t. t N at both sides of the equation for
proportional to LS cancel out, such that only U
remains on the left-hand-side of the equation. The same argument is valid also for the case of applying ∂ t 1 on both sides of the new equation. For the two-time homogeneous propagator U A 1 we obtain for example the following set of equations:
. For the N = 1 case we derive an equation similar to the Volterra equation of the second kind for K, that was defined in [30] . The derivation of an equation for the mutitime inhomogeneous kernels I A N −1 ...A 1 can be carried out similarly, the only difference being that only ∂ t N has to be applied on both sides of the equation for V A N −1 ...A 1 since it contains always an N -time inhomogeneous kernel convoluted on the left side with U .
D. Periodically driven systems
Consider a system which initially is in a unique steady state with its environment. At t = 0 a periodic force with period t P is turned on, that is applied at the system. We can simulate numerically this problem by starting from an arbitrary product stateρ S ⊗ R, letting it evolve in time until it relaxes to its unique steady state and then turning on the periodic force. We denote the Liouvillians describing the total system before and after turning on the periodic force by L ′ and L(t), respectively. The state of the system is then given by:
The time the system, initially prepared in the stateρ = ρ S ⊗ R, needs to relax to equilibrium will be denoted by t R . If we express the unit operator as a sum of P and Q, and apply to the last equation the reduction rules given in Eq. (16), then we obtain the following result:
where we have defined
with t 32 ≡ t 3 + t 2 . Equation (26) is just the extension of Eq. (5a) to time dependent Liouvillians. In order to calculateŨ we also have to use a similar extension of Eq. (10):
(29) The propagators U ,Ũ describe the time evolution of a system described by L ′ , L(t), which is initially in the product state ρ S ⊗ R with arbitrary ρ S . The second argument ofŨ (t 2 , t 1 ) gives the initial phase of the function of the periodic force, while the difference t 2 − t 1 is the actual evolution time. It follows that we need to know U (t 2 , t 1 ) only in the range t 1 ∈ [0, t P ). This property, also valid forK(t 2 , t 1 ), can be seen directly from Eqs. (26) and (29) and formally reads
where m ∈ Z and B ∈ {Ũ ,K}. This fact is important since it allows us to calculateŨ (t 2 , t 1 ) by knowing K(t 2 , t 1 ) only in the range
where f (t 1 ) is chosen such thatK(t 2 , t 1 ) = 0 for t 2 > f (t 1 ). In order to better understand how we have to choose the relaxation time t R , and to explain why this is not the time the system density matrix needs to reach its steady state, we split ρ S (t) in terms of homogeneous and inhomogeneous propagators as it is done in Eq. (4), and solve Eq. (24) for the inhomogeneous kernelĨ, which is defined as
This definition is just the extension of Eq.(11b) to time dependent Liouvillians. The result is
The constraint that the system was initially in its steady state means thatĨ(t, 0) is independent of t R for all t ≥ 0. If we define by t ′ the time that the propagator U needs to reach its steady state and by t ′′ the time, where K(t, 0, τ 1 ) = 0 ∀τ 1 > t ′′ , then any t R > t ′ + t ′′ gives the same result in Eq. (32) . We are free to set t R → ∞ and replace U (t R − τ 1 )ρ S by the steady state of the system ρ S (0), which is not driven by a periodic force. Thus, we obtain the following result:
Finally, we mention that the argumentation of the previous subsection can also be applied to Eq. (25) in order to obtain an equation for K(t 3 , 0, t 1 ).
E. Stochastic unravelling method
In the following we always assume that the system is coupled to Gaussian environments such that the coupling is linear in the environmental fields. This allows us to integrate out analytically the reservoir degrees of freedom. All (multitime) propagators will then contain the same time nonlocal contribution u N L of the form:
where Υ refers to the system part of the system-bath coupling operators and the index j denotes the different environments to which the system is coupled. We have introduced the superoperator notation f × A ≡ [f, A] and f o A ≡ {f, A}. The dissipation and noise kernels g D,j and g N,j contributing to u N L are defined as:
g N,j (t) = dωJ j (ω) coth ω/2T cos(ωt),
where for the spectral densities J j (ω) we have to use the definition given in Eq. (47) or Eq. (57) depending on the problem we are interested in. In the following we will apply the stochastic unravelling method to the case of having a single element in the sum over j and the index j will be omitted. Our goal is to make the action local in time. The first step to achieve this is to eliminate the θ-function in Eq. (34). Since g N (t) is symmetric in t, we can replace (θg N )(t) with 
where the improper integral over ε is calculated by the Cauchy principal value method. If J(ω) and f (ω) go to zero for large values of ω we can discretize the integrals over ω in Eqs. (36) and (37) by a finite sum of terms. Then we can make the u N L local in time at the cost of introducing a finite number of Gaussian integrals and Eq. (34) transforms to:
The functions ξ, χ,χ are given by:
χ(t; y,ỹ) =ν
with ω ν = 2πν∆ν, a ν = 2π∆ν for ν > 0, a 0 = π∆ν and ν c ,ν c are properly chosen cutoffs of J(ω) and f (ω), respectively. By the use of Monte-Carlo integration techniques for the calculation of the Gaussian integrals we can interpret x ν ,x ν , y ν ,ỹ ν as normally distributed random variables and ξ(t), χ(t),χ(t) as Gaussian random variables with zero mean and the following correlation functions:
All other correlations are equal to zero. This stochastic unravelling of u N L is just a specific realisation of the general idea explained in [31] .
The calculation of an arbitrary multitime propagator F (t N ...1 ) and F (0) , respectively, where F is given by
III. RESULTS
A. Periodically driven system initially in equilibrium with its environment
We apply the formalism derived in Sec. II to the problem of a classically driven two-level system coupled to a bosonic environment [32] . The system is described by the following Hamiltonian:
where b † k , b k are the bosonic creation and annihilation operators for the modes k with frequency ω k , and λ k describes the strength of the interaction of the two-level system with its environment. The Pauli spin-1 2 operators are denoted by σ j (j ∈ {x, y, z}), the energy distance between the two levels of the spin is ∆ and the classical driving force applied to the system is given by ε(t) = V 0 sin(Ωt). We set R = ρ
, which allows us to describe the effect of the environment on the two-level system completely by the spectral density:
This form of the spectral density together with the replacement of coth(x) by
x 2 +4π 2 allow us to compare our results with the HEOM method since the dissipation and noise kernels g D and g N , defined in Eqs. (35) and (36), can be expressed by a finite sum of exponentially decaying functions.
We choose the following parameters (measured in units of ∆): J = 0.7, V 0 = 0.5, λ = 0.05, γ = 1.3, ω u = 0.7, Ω = π/2 and T = 0.35. By use of the stochastic unravelling method we simulate U l (t) (l ∈ {i, f i}) in the range t ∈ [0, 12],Ũ l (t 2 , t 1 ) (l ∈ {i, f, f i}) in the range t 1 ∈ [0, t P ), t 2 ∈ [t 1 , t 1 + 12] and W f i (t 3 , 0, −t 1 ) for all The time evolution of U 00,00 (t). Inset: The difference of U 00,00 (t) and the exact evolution.
(t 3 , t 1 ) which fulfil the constraint t 1 + t 3 ≤ 12. From the equations for the kernels
we obtain K(t),K(t 2 , t 1 ), K(t 3 , 0, t 1 ) for the same range of times as U l (t),Ũ l (t 2 , t 1 ), W f i (t 3 , 0, −t 1 ) respectively (l ∈ {i, f, f i}). Since K(t), K(t 3 , 0, t 1 ) are equal to zero outside this range andK(t 2 , t 1 ) = 0 for t 1 ∈ [0, t P ), t 2 > t 1 + 12, and the periodicity condition in Eq. (30), we are able to calculate U (t),Ũ (t 2 , t 1 ), W (t 3 , 0, −t 1 ) for arbitrary t, (t 2 , t 1 ) and (t 3 , t 1 ). The equations for U,Ũ , W are obtained by the use of the reduction rules (16) . Those for U and W are given explicitly in (9) and (25) and the equation forŨ is given bỹ
In the following we denote the up-and down-state of the two-level system by |1 and |0 . This means that σ z = |1 1| − |0 0|, σ x = |1 0| + |0 1|. An element of some system superoperator M will be denoted by
If we plot all elements of U (t) we will see that they become constant for t > 200. In addition, the elements of U in its steady state obey the following relations:
U 00,00 = U 00,11 = 1 − U 11,00 = 1 − U 11,11 , (53) U 01,00 = U 01,11 = U * 10,00 = U * 10,11 and all other elements of U are equal to zero. This assures that for every initial system density matrix ρ S the final steady state U (t)ρ S (t > 200) is the same. Taking into account that K(t 3 , 0, t 1 ) = 0 for t 1 > 12 we set t R = 240. In Fig. 3 we have plotted the time evolution of U 00,00 (t), which represents the occupation of the lower energy site given that the system was initially in ρ S (0) = |0 0| ⊗ ρ eq B . The difference between U 00,00 (t) and the exact solution (obtained by the use of the HEOM approach) origins mainly from the large time step (0.04) used in the calculation of K and U .
In Fig.  4 we can see the time evolution of U 00,00 (t + t 1 , t 1 ) for t 1 = 0 and t 1 = 2 which corresponds to the case of having a driving force of the form ε(t) = sin(Ωt) and ε(t) = sin(Ωt + π) respectively. For large enough tŨ (t + t 1 , t 1 ) satisfies Eq. (53), (54) and also has the property thatŨ (t 2 , t 1 ) =Ũ (t 2 , 0). This means that the steady state of a system being initially in ρ S (0) ⊗ ρ eq B (and being evolved with H given in Eq. (46) with V 0 = 0.5) does not depend on ρ S (0) but only on the initial phase of the driving force.
The time evolution of W 00,00 (t, 0, −t R ) is given in Fig. 5 . From the inset in the figure we can see that the error increases by an order of magnitude in comparison to the previous two cases. The growth of the error origins from the second line of Eq. (25) , where K is convoluted with the functions U,Ũ , which , as shown in Fig. 3,4 , deviate from the exact result. Even in this case the relative error remains below 2% at short time scales and below 1% at long time scales.
B. 2D-spectra of a donor-acceptor model
As a second example we calculate the 2D-spectra of a system composed of a single donor and acceptor, each of them coupled to a different phononic bath. We reduce the description to the zero-and single exciton manifold. The total Hamiltonian is given by:
where ∆ 1 , ∆ 2 are the energy levels of the states where only the donor |1 or the acceptor |2 are excited. The energy level of the ground state |0 is set to zero. The reorganisation energies ∆ 1,r , ∆ 2,r are defined as
The second line of Eq. (55) describes the reservoir and the system-reservoir interaction in a similar way as it is done in Eq. (46). The spectral densities describing the effect of both environments on the system are given by:
This means that we have already assumed that the initial state of the system is of the form ρ S (0)⊗ρ eq B , where
The 2D-spectra I(Ω 3 , t 2 , Ω 1 ) is defined as a double Fourier transform of the rephasing R rp and nonrephasing R nr contributions to the third-order optical response function [33] : (from left to right and from top to bottom). We have used an arcsinh scaling for the color bar as in Ref. [27] .
The operators µ L , µ R are contributions to the total dipole operator µ = µ L + µ R , where µ L = µ 1 |0 1| + µ 2 |0 2| and µ R = µ 1 |1 0| + µ 2 |2 0|. The system is initially in its ground state ρ S (0) = |0 0|.
In order to calculate U
we use Eq. (18b). The terms on the right-hand side contain at most two time integrals, which substantially simplifies the numerical simulations. From Eqs. (9), (18a), (18b) we can derive equations for
respectively. They also contain only terms with at most two time integrals. The equations are solved for a finite time interval defined by the parameterst,t µ ,t µµ as follows:
which fulfil the condition t 1 + t 2 + t 3 <t µµ . The parameterst,t µ ,t µµ are chosen such that the kernels are zero outside the corresponding range. After solving the equations for the kernels we calculate U , which is used in the calculation of U
Finally, the three propagators are used in the calculation of U
We work with the following parameters (measured in units of ∆ ≡ ∆ 2 + ∆ 2,r ): ∆ 1 = 1.9, ∆ 2 = 0.9, J = 0.1, λ 1 = λ 2 = 0.1, ω 1 = ω 2 = 1.4, γ 1 = γ 2 = 2.6. The reorganisation energies are ∆ 1,r = ∆ 2,r = 0.1 and the memory kernels are calculated in the range defined bỹ t = 5,t µ =t µµ = 4. The 2D-spectra of the system are plotted for four different waiting times t 2 in Fig. 6 . Since the plots obtained by a direct use of the HEOM look the same as those of Fig. 6 , we compare the time evolution of the off-diagonal peaks in Fig. 7 in order to obtain information about the quantitative accuracy of the method. The relative error is below 3%, which in this case is accurate enough to reproduce all main features of the 2D-spectra. In general, the error depends on the number of time arguments of the multitime propagator, from which the observable is derived. The higher this number is, the more integro-differential equations for the kernels have to be solved. Since the calculation of an n-time propagator requires not only the knowledge of the kernels but also of a set of m-time propagators (m < n), the error accumulates.
IV. CONCLUDING REMARKS
In this paper we have extended the Nakajima-Zwanzig projection operator technique to the calculation of multitime correlation functions, which required the introduction of multitime kernels. The applicability of the theory was demonstrated by simulating the time evolution of a driven two level system being initially in equilibrium with its environment, and by determining the 2D-spectra of a donor-acceptor model. It is important to mention that we have considered systems with environmental spectral densities of the form of Eq. (57) because the HEOM approach is well suited for such problems. If we work with an environment whose dissipation and noise kernels can not be approximated by a finite number of exponentially decaying functions, then the combination of stochastic unravelling and the equations for multitime kernels should become the preferable approach since its complexity, in contrast to the HEOM approach, will not increase as long as the kernels decay sufficiently fast.
In the examples of Sec. III we have always assumed that all kernels are nonzero only for a finite range of times. However, this assumption is of course not fulfilled for all models of interest. As a trivial counterexample we can consider a spin-boson model with Hamiltonian
The spectral density of the environment contains a δ-peak which results in non-decaying multitime kernels. In general, we expect that the multitime kernels will decay sufficiently fast to zero if the spectral density of the environment is smooth enough. In cases where the stochastic unravelling method fails and the system-bath coupling λ SB is weak enough, we can still try to approximate all multitime kernels by expanding them in powers of λ SB and taking only the first few terms into account.
Besides the slow decay of the memory kernel, another problem for our approach could be the size of the system. For a system Hilbert space of dimension N we have to work with kernels and propagators which are represented by N 2 × N 2 matrices. This has to be compared with the N 2 -dependence of the HEOM method on the system size.
Additional problems arise from the fact that the calculation of an m-time propagator in its full time domain requires the knowledge of all m ′ -time propagators and m ′′ -time kernels (m ′ < m, m ′′ ≤ m) in their full time domain, which leads to accumulation of the numerical error by an increase of m.
If we want to calculate an (m + n)-time propagator in the time domain, where n of its arguments are fixed, we can not guarantee that we will have to know only a set of kernels/propagators, whose time domain is at most mdimensional. In the first example that we have considered in Sec. III A we have fixed the last two arguments of W (t 3 , t 2 , t 1 ) to (t 2 , t 1 ) = (0, −t R ). But for the calculation of W in its one-dimensional time domain we needed the pairs K, U andK,Ũ , whose time domains were one-and two-dimensional, respectively. On the other hand, in the second example in Sec. III B we have fixed the second argument of I and U In summary, we have presented a method for the calculation of MTCFs of systems which span finite Hilbert spaces. In the first step we calculate the kernels via a set of equations. The input information can be obtained via a modification of the HEOM method or via a stochastic unravelling method. In the second step the kernels are used for the calculation of MTCFs by use of equations which can be derived by a few simple reduction rules. Thus, the main advantage of the present method is that it can be applied to problems, where HEOM does not perform well, as long as the system is sufficiently small and the memory kernels decay sufficiently fast.
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